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Abstract. Recent theoretical work reporting the construction of a new quantum
field of spin one half fermions with mass dimension one requires that Weinberg’s no
go theorem must be evaded. Here we show how this comes about. The essence of the
argument is to first define a quantum field with due care being taken in fixing the lo-
cality phases attached to each of the expansion coefficients. The second ingredient is
to systematically construct the dual of the expansion coefficients to define the adjoint
of the field. The Feynman-Dyson propagator constructed from the vacuum expecta-
tion value of the field and its adjoint then yields the mass dimensionality of the field.
For a quantum field constructed from a complete set of eigenspinors of the charge
conjugation operator, with locality phases judiciously chosen, the Feynman-Dyson
propagator determines the mass dimension of the field to be one, rather than three
halves. The Lorentz symmetry is preserved, locality anticommutators are satisfied,
without violating fermionic statistics as needed for the spin one half field.
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Why do dark matter and dark energy [1–6] have extremely limited interaction with the particles
of the standard model of high energy physics? What type of quantum field theoretic formalism
describes them [7–15]? The defining feature of the dark sector is its ‘darkness’ (that is, its limited
or no interactions with the standard model field). Understanding this, or even constructing it
theoretically, would dramatically accelerate our progress on the nature of physical reality and
its building blocks. In the ΛCDM cosmology, there is much more, indeed more by a factor of
roughly twenty (at the present epoch of cosmic evolution), to existence then leptons, quarks,
Higgs, and the standard model gauge bosons.
Despite undeniable success of the standard models of cosmology and high energy physics, it
cannot be said with certainty if these problems suggest existence of new particles or if they hint
at some incompleteness in the foundations of physics. If one takes the tentative view that dark
fields account for one or both of the dark sectors, then whatever these fields are they must be
one representation or the other of the Lorentz algebra. At least locally, and at least in the low
energy limit where Lorentz symmetries hold to a very high precision. Whether they may be
broken in the dark sector, even in the present epoch, remains an open question [16–18]. Here we
shall confine entirely to the realm of unbroken Lorentz symmetries.
After the 1939 work of Wigner [19], the first systematic effort to examine the particle content
of the Lorentz algebra was undertaken by Weinberg. It spanned a series of papers published in
the 1960s. The first of these, and most relevant for the present communication, was the 1964
paper [20]. It has now been expanded into its full textbook detail in the first few chapters of
reference [21]. Among other things these chapters construct Dirac’s quantum field from first
principles of relativity and quantum mechanics. This is done without invoking Dirac equation
and the work results in a no go theorem on the impossibility of constructing another spin one
half quantum field without violating Lorentz symmetries, and locality. Here we briefly review the
relevant aspects of this no go theorem and show that it can be evaded to construct fundamentally
new type of quantum fields with the potential to shed light on the darkness of the dark sector.
The kinematic structure associated with the spin one half fermions of the standard model
of high energy physics is contained in Ψ(x), the Dirac quantum field. Assuming a Lorentz
invariant vacuum and considering the space-time transformation properties of single particle
states, exploiting cluster decomposition principle and invariance of the S-matrix (along with
covariance under parity), Weinberg arrives at
Ψ(x) =
∫
d3p
(2π)3
√
m
E(p)
∑
σ=±1/2
[
u(p, σ)e−ip
µxµa(p, σ) + v(p, σ)eip
µxµb†(p, σ)
]
(1)
from which, without reference to any wave equation or a Lagrangian density, the Feynman-Dyson
propagator follows1
SDiracFD (x
′ − x) = 〈 ∣∣T (Ψ(x′)Ψ(x))∣∣ 〉 = i ∫ d4p
(2π)4
e−ip
µ(x′µ−xµ)
[
γµp
µ +mI
pµpµ −m2 + iǫ
]
(2)
where Ψ(x)
def
= Ψ†(x)γ0. The dual of the expansion coefficients u(p, σ) and v(p, σ) is given by
u(p, σ) = u†(p, σ)γ0, and v(p, σ) = v†(p, σ)γ0. The creation and the annihilation operators
satisfy the fermionic statistics. In the Weinberg formalism, the explicit expressions for the
expansion coefficient at rest, p = 0, are derived. These are not taken as ‘solutions at rest’ of any
1We use the space-time metric with diagonal {1,−1,−1,−1} and all symbols have their usual meaning. For
instance, in (2) T represents time ordering operator in its usual sense.
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wave equation. After a discussion spreading over some two hundred pages Weinberg find these
to be
u(0, 1/2) =
1√
2

1
0
1
0
 , u(0,−1/2) = 1√2

0
1
0
1
 (3a)
and
v(0, 1/2) =
1√
2

0
1
0
−1
 , v(0,−1/2) = − 1√2

1
0
−1
0
 . (3b)
The boost operator for the expansion coefficients, again without a reference to a wave equation
or a Lagrangian density, follows from the left- and right- Weyl representations of the Lorentz
symmetries and reads√
E +m
2m
(
I+
σ·p
E+m O
O I− σ·pE+m
)
(4)
It is simply an exponentiation, exp(iκ · ϕ), of the boost generator found in equation (10) below
(ϕ is the boost parameter). Its action on the expansion coefficients at rest, (3a) and (3b), yields
u(p,±1/2) and v(p,±1/2) that appear in (1). The momentum space Dirac operator, γµpµ±mI,
is first seen in the spin sums,
∑
σ u(p, σ)u(p, σ) and
∑
σ v(p, σ)v(p, σ) that arise in evaluating
the Feynman-Dyson propagator, (2). It is thus that for Ψ(x), Dirac’s (iγµ∂
µ −mI) enters the
Lagrangian density and not the Klein Gordon operator, resulting in the mass dimension of Ψ(x)
to be 3/2 and not 1. The Dirac quantum field yields SFD(x
′ − x) = 〈 ∣∣T (Ψ(x′)Ψ(x))∣∣ 〉 as the
Dirac propagator, and not the Klein Gordom propagator, even though Ψ(x) is annhilated by the
Dirac as well as the Klein Gordon operator.
First, it is to be noted that the correct pairing of the creation and annihilation operators
in (1) requires that expansion coefficients be identified as the boosted form of (3a) and (3b). In
addition, the phase associated with each of the rest spinors is not arbitrary, to be simply set
to unity, but these ‘locality’ phases must be derived. Weinberg formalism yields both of these
results without ambiguity. It is also to be noted that references [22, 23] contain an important
error in the derivation of Dirac equation [24,25]. These errors, in effect, project out antiparticles.
But then through two compensating mistakes the authors of the mentioned works recover the
correct equation in configuration space:
In the rest frame the right-transforming and left-transforming components of the
Dirac spinors carry relative phases of +1 and −1 respectively for the particle and
antiparticle spinors – this is evident from (3a) and (3b). When derivations of Dirac
equation given in [22, 23] assume φR(0) = φL(0) then the neglect of the φR(0) =
−φL(0) results in an error and only yields mommentum-space Dirac equation for the
particle spinors and not the antiparticle spinors. The naive replacement pµ → i∂µ
works for the particle spinors when acting on the configuration space representation
through the following detail i∂µu(x) = i(−ipµ)u(x), but fails if one neglects the
momentum-space Dirac equation resulting from φR(0) = −φL(0) for which the mass
terms differs by a sign (that is, instead of getting (γµpµ−m)u(p) = 0 one then obtains
(γµpµ+m)v(p) = 0). The result i∂µv(x) = i(ipµ)v(x), then yields (iγ
µ∂µ−m)ψ(x) =
3
0. The error of two signs happens in assuming the same sign of the mass term for
the u(p) and v(p) spinors, and it is compensated by neglecting the sign differences
in the action of i∂µ on these spinors (in the configuration space).
We have gone into this digression only to emphasize the elegance, care, and power of Weinberg’s
construction of quantum fields and how easily important errors have propagated in literature on
the description of spin one half fermionic field. Another error that has propagated a large fraction
of quantum field theory texts about the Dirac field is in the pairing of the expansion coefficients
with the annihilation and creation operators. In its simplest version, apart from the locality
phases, the error constitutes in the misidentification of the expansion coefficients v(0,±1/2) as
v(0,∓1/2) – see, for example, Ryder’s and Folland’s monographs on quantum field theory [22,26].
Second, we raise the possibility that one can indeed evade the Weinberg no go theorem on the
uniqueness of Dirac’s, modulo the 1937 observation of Majorana [27], field. The new observation
is the following:
The dual of the expansion coefficients defined immediately after (2) is not unique.
In fact, if the expansion coefficients are taken as the eigenspinors of the charge
conjugation operator their norm under the Dirac dual identically vanishes. In ref-
erence [28, Appendix P] a lack of appreciation of this fact leads to abandoning an
attempt to construct a Lagrangian density for c-number Majorana spinors.
And since the Feynman-Dyson propagator crucially depends on the expansion coefficients and
their dual a crevice opens that, in principle, can evade the Weinberg no go theorem with im-
portant physical implications. To explore the crevice we consider, as an example, a quantum
field with its expansion coefficients taken as self and antiself conjugate eigenspinors of the charge
conjugation operator [29]
f(x)
def
=
∫
d3p
(2π)3
1√
2mE(p)
∑
α=±
[
λS(p, α)e−ip
µxµc(p, α) + λA(p, α)eip
µxµd†(p, α)
]
(5)
The pairing of the expansion coefficients with the annihilation and creation operators (which are
fermionic), and locality phases [the counterpart of phases arrived at in (3a) and (3b)], is taken
as in [29]. As noted above, it is readily verified that under the Dirac dual the norm of both the
λS(p, α) and λA(p, α) identically vanishes; that is:
λ
S
(p, α)λS(p, α) = 0 = λ
A
(p, α)λA(p, α) (6)
In the sense made precise below, we construct the duals of λS(p, α) and λA(p, α) by demanding
not only the Lorentz invariance of the bilinear invariants but also the Lorentz invariance of the
spin sums. We proceed in two steps. To implement the first of the two constraint we introduce
an ‘intermediate’ dual
λ˜(p, α)
def
=
[
Ξ(p)λ(p, α)
]†
η (7)
with [29, 30]
Ξ(p)
def
=
1
2m
∑
α
[
λS(p, α)λ
S
(p, α)− λA(p, α)λA(p, α)
]
. (8)
The sole task of the Ξ(p) is to implement the mapping λS,A(p,±)↔ λS,A(p,∓) up to a constant
phase factor; whose value is encoded in Ξ(p). The constraint of invariance under the boosts
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requires η to anti-commute with the generator of the boosts in the (1/2, 0)⊕(0, 1/2) representation
space, while counterpart of this constraint under rotations requires η to commute with the
generator of rotations
{η,κi} = 0, [η, ζi] = 0, i = x, y, z (9)
where the boost and rotation generators are given by
κ =
[ −iσ/2 O
O +iσ/2
]
, ζ =
[
σ/2 O
O σ/2
]
. (10)
It happens because κ† = −κ and ζ† = ζ. Requiring the norm λ˜(p, α)λ(p, α′) to be real, the
constraints (9) leads η to have the form
η =

0 0 a 0
0 0 0 a
b 0 0 0
0 b 0 0
 , a, b ∈ ℜ. (11)
The invariance of the norm under parity forces a and b to be equal [29]. This reduces η to
η = aγ0. The a is now simply a normalization factor and we set it to unity to yield η = γ0. If
the same exercise is carried out with the Dirac spinors then the Dirac dual is seen to result from
Ξ(p) = I. The definition (7), and expression for Ξ(p) in (8), yields the following orthonormality
relations
λ˜S(pµ, α)λS(pµ, α′) = 2mδαα′ , λ˜
A(pµ, α)λA(pµ, α′) = −2mδαα′ (12a)
λ˜S(pµ, α)λA(pµ, α′) = 0 = λ˜A(pµ, α)λS(pµ, α′) (12b)
These are manifestly Lorentz invariant. However, the spins sums
∑
α λ
S(p, α)λ˜S(p, α) and∑
α λ
A(p, α)λ˜A(p, α) are found to be covariant only under a subgroup of Lorentz [16]. This
circumstance asks us to look for a freedom in the definition of the introduced dual so that the
orthonormality relations preserve their Lorentz invariance but which makes the spin sums also
Lorentz invariant.
To explore this possibility we consider the following modification to the definition of the
introduced dual
λ˜S(p, α)→ ¬λS(p, α) def= ∼λS(p, α)A, λ˜A(p, α)→ ¬λA(p, α) def= ∼λA(p, α)B (13)
with A and B constrained to have the following non-trivial properties: the λS(p, α) must be
eigenspinors of A with eigenvalue unity, and similarly λA(p, α) must be eigenspinors of B with
eigenvalue unity
AλS(p, α) = λS(p, α), BλA(p, α) = λA(p, α). (14a)
In addition, A and B must be such that
∼
λ
S
(p, α)AλA(p, α′) = 0, ∼λA(p, α)BλS(p, α′) = 0. (14b)
If A and B exist satisfying the just stated constraints, the new dual would leave the orthonor-
mality relations (12a)-(12b) unaltered in form
¬
λ
S
α(p
µ)λSα′(p
µ) = 2mδαα′ ,
¬
λ
A
α (p
µ)λAα′(p
µ) = −2mδαα′ (15a)
¬
λ
S
α(p
µ)λAα′(p
µ) = 0 =
¬
λ
A
α (p
µ)λSα′(p
µ) (15b)
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but the same very re-definition would alter the spin sums. The task then would be to see if this
can be accomplished in such a way that the spins sums become Lorentz invariant. It turns out
that the exercise can be done only if one multiplies the Lorentz-violating piece in the spin sums
by a parameter τ ∈ ℜ and then taking the τ → 1 limit [29]. This exercise reveals that no solution
exists at τ = 1, but a solution does exist in the infinitesimally close neighborhood of τ = 1. We
take this as a physically acceptable solution, and find that the redefinition of the dual does yield
a Lorentz invariant set of spin sums∑
α
λS(p, α)
¬
λ
S
(p, α) = 2mI,
∑
α
λA(p, α)
¬
λ
A
(p, α) = −2m.I (16)
We thus introduce the adjoint of f(x)
¬
f (x)
def
=
∫
d3p
(2π)3
1√
2mE(p)
∑
α
[
¬
λ
S
(p, α)eip
µxµc(p, α) +
¬
λ
A
(p, α)e−ip
µxµd†(p, α)
]
(17)
and, using (16), evaluate the Feynman-Dyson propagator
SFD(x
′ − x) =
〈 ∣∣∣T(f(x′) ¬f (x))∣∣∣ 〉 (18)
=
∫
d4p
(2π)4
e−ip
µ(x′µ−xµ)
[
I4
pµpµ −m2 + iǫ
]
(19)
It satisfies:
(
∂µ′∂
µ′ +mI4
)
SFD(x
′ − x) = −δ4(x′ − x).
This is a remarkable result: It gives us a spin one half fermionic field with mass dimension one.
The Lagrangian density now readily follows, and from that one can calculate the canonically
conjugate momentum and ascertain that the new field satisfies the locality anticommutators.
The mass dimensionality of the new field has a mismatch with the standard model fermions
and thus it cannot enter the standard model doublets. In the process the new field, because
of its mass dimensionality, becomes a first-principle candidate for self-interacting dark matter.
The self interaction arises from the dimension four quartic self interaction g
[ ¬
f (x)f(x)
]2
with g
a dimensionless coupling constant. The new dark particles associated with f(x) may be detected
through a dimension four coupling of the new field with the Higgs doublet, g′
¬
f (x)f(x)φ†(x)φ(x);
where g′ is another dimensionless coupling.
It is also worth noting that the expansion coefficients λS,A(p, α) of the new field do not satisfy
Dirac equation, but only Klein Gordon equation [29]. The Weinberg no go theorem is evaded,
and with that opens up a fertile possibility to construct other fields relevant for the dark sector
and to provide us new insights into the standard model. One such possibility arises when one
considers the (1/2, 1/2) representation space. Again there emerges a freedom in the construction
of the dual. This time it appears as a phase factor multiplying the usual space-time metric, with
significant implications for understanding the deeper origin of Higgs-like particles. The issue of
the τ deformation is specific to f(x) and is not generic.
By evading the Weinberg no go theorem, and by understanding the underlying general struc-
ture of duals and adjoints, we find a whole new range of possibilities to extend the standard
model of high energy physics. Many of these new constructs shall carry a natural darkness, and
would be endowed with new properties with respect to the parity, charge conjugation, and time
reversal. Mass dimension one fermions are only a first concrete example of this new programme.
As is evident from the vast literature on the subject various classes of spinors can be defined.
Some of these, for instance, depend on the bilinear covariants and the relevant duals, while others
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depart from the restriction on zero curvature of the spacetime manifold, while still other depend
on the behaviour of the spinors under the symmetries of charge conjugation and parity (see, for
example, [31–33]). Whether all of these can serve as expansion coefficients to construct local
quantum fields remains open.
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